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The aim of this paper is to present some decisions of survey statisticians made regarding the
choice of sampling design at Statistics Lithuania. These decisions concern the stratification
method, which shows itself to be very effective in some cases as it is demonstrated by the
simulation results; improvement of the sampling design at the estimation stage in the case of
particular changes in the population; and proposal of the sampling design which may describe
the situation in the border interview survey.
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1. Introduction

Mostly the situations considered in the textbooks on survey sampling involve ideal

conditions. Of course, adjustment of the estimators for nonresponse and sampling frame

imperfections is sometimes considered as well. Unfortunately, the survey practice in

official statistics raises more problems and therefore nonstandard solutions are necessary.

We would like to present here some of them that are connected with the sample design

construction: the new stratification rule, adjustment of the sampling design to the changes

in the population, and adaptation of the sampling design to the border interview survey of

the outbound tourist population.

2. Stratification Method

A stratified sampling design is usually used for enterprise surveys. Stratification is

performed by kind of economic activity, kind of ownership, and enterprise size. Number

of employees or some other variable may be considered as the enterprise size measure.

For some surveys the estimates by the enterprise size group are not needed, but they are

needed by the kind of economic activity.

The sampling design is as follows. The population is divided into nonintersecting

groups (domains) by the kind of economic activity, and inside of each group the

stratification by the enterprise size is performed. The number of employees is taken as a

stratification variable. The values of this variable are taken from the statistical register of

Lithuanian enterprises. The estimates of totals and the ratios of totals are required by kind
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of economic activity (domain of estimation) and by various unions of such domains.

The domains can be stratified by the size of enterprises in an optimal way, selecting

different stratification bounds in different domains. The coefficient of variation of the

estimator of the total is taken as a criterion of optimal stratification. It was observed

that distributions of the main study variables are skewed and vary from one domain to

another. So, it may be expected that the optimal stratification algorithm may be different

for different domains. This is not convenient from the practical point of view.

We present a very simple and adaptive empirical stratification algorithm. The algorithm

depends on one parameter, and by choosing the value of this parameter we may stratify the

estimation domains in a way which is close to optimal. Let us describe the stratification

algorithm proposed.

Consider the survey population U ¼ {u1; u2; : : : ; uN} of N units, and a study variable

y, defined on this population, taking nonnegative values {y1; y2; : : : ; yN}. We are

interested in the estimation of the finite population total ty ¼
PN

k¼1yk using a simple

random stratified sampling.

Assume that the values of the study variable are sorted in increasing order:

0 # y1 # y2 # : : : # yN . We also assume that the number of strata H and sample size n

are given in advance. For some positive a, calculate

AðaÞ ¼
1

H

XN
k¼1

yak

From the Equations

Xk1

k¼1

yak ¼
Xk2

k¼k1þ1

yak ¼ · · · ¼
XN

k¼kH21þ1

yak ¼ AðaÞ ð1Þ

find indices k1; k2; : : : ; kH21, and set stratum boundaries b0 ¼ 0; b1 ¼ yk1
;

b2 ¼ yk2
; : : : ; bH21 ¼ ykH21

; bH ¼ yN . It means that the elements with the smallest

values of variable y are included into the first stratum U1 : U1 ¼ {uk : yk # b1}; we have

b1 , yk # b2 for the elements of Stratum U2, and so on. Of course, Equation (1) for real

populations hold only approximately.

Now our population is stratified into H strata: U ¼ U1 < U2 < · · · < UH . Let Nh denote

the number of elements in Stratum h, and nh denotes the size of simple random sample vh

in Stratum h, h ¼ 1; : : : ;H, determined by Neyman allocation. The Horvitz-Thompson

estimator of the total ty is

t̂y ¼
XH
h¼1

Nh

nh k:uk[vh

X
yk

The stratification boundaries found depend on the chosen a. The last step is to find a by

simulation such that it minimizes the coefficient of variation cvðt̂yÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varðt̂yÞ

p
=ty of the

estimator t̂y. Let us call the proposed stratification method alfa stratification.

Note that, for simplicity, we used the same variable y as a stratification variable and as a

survey variable. When designing real surveys, some known size variable, well correlated
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with the survey variable is used for stratification. In enterprise surveys, usually it is the

number of employees taken from the statistical register of enterprises.

We will compare by simulation the proposed stratification rule with two other

stratification algorithms. The first one is the well-known cum
ffiffiffi
f

p
rule (see Dalenius and

Hodges (1959)) and the second is geometric stratification, proposed by Gunning and

Horgan (2004). The cum
ffiffiffi
f

p
rule can be described as follows. The population is divided

into a sufficiently large number of small strata. The optimal strata are formed by grouping

these small strata so that the sums of square roots of relative frequencies of small strata are

equal in all the groups. These groups form optimal strata in the sense that the variance of

the population mean estimator is minimal. It is assumed that the distribution of the

stratification variable in small strata is uniform. The geometric stratification is produced

by equalising the coefficients of variation of the stratification variable in all the strata.

It leads to breaks being terms of geometric progression.

Let us discuss the simulation results. Twelve populations are examined. Populations

1–3 and 11 (see Table 1) are artificial. The remaining populations are comprised of the

Lithuanian enterprises of some kind of economic activity or some groups of economic

activity (domains of estimation of a real survey on wages and salaries). The number of

employees of the enterprise is taken as a stratification variable. The number of strata is

taken to be five for all the populations. The number of strata does not change the

performance of the stratification algorithms considered. For Populations 4–12, the optimal

a is found by verifying a values from a ¼ 0 to a ¼ 3 with a step 0.1. The dependence of

the coefficient of variation of the estimator of total on a for Population 8 is shown in

Figure 1. For the remaining populations this dependence is a very similar convex function.

Our simulation results presented in Table 1 show that in almost all cases our proposed

alfa stratification is at least of the same efficiency as a winner between cum
ffiffiffi
f

p
and

geometric stratification. The asterisk * at the value of a in Table 1 means that in these

cases the value of a is not verified as optimal. The practice of application of alfa

stratification allows us to say that for the populations with skewness 0.8–2.5, and

sufficiently large N, a ¼ 0:6 is good enough.

Table 1. Coefficients of variation for different stratification rules

cv

Pop. No N Skewness n a alfa cum
ffiffiffi
f

p
Geometric

1 300 0.90 50 0.6* 0.027 0.026 0.039
2 300 0.94 50 0.6* 0.012 0.020 0.021
3 300 1.46 50 0.6* 0.044 0.045 0.065
4 1985 2.64 400 0.6 0.014 0.014 0.020
5 634 4.77 100 1.1 0.045 0.054 0.051
6 634 4.92 100 0.9 0.050 0.056 0.083
7 291 5.71 50 0.8 0.053 0.105 0.118
8 634 6.30 100 1.2 0.057 0.068 0.102
9 571 6.47 100 1.0 0.038 0.060 0.051
10 207 7.49 40 1.0 0.071 0.140 0.123
11 300 8.01 50 1.6 0.045 0.122 0.045
12 321 9.97 55 0.9 0.069 0.168 0.169

Krapavickaitė and Plikusas: Specific Sampling Design 81



It may be pointed out that this alfa stratification has saved approximately 18% of the

sample in the Lithuanian survey on wages and salaries, retaining the same precision of

the estimates.

Despite the fact that the stratification method proposed is simple and efficient, the

determination of a is an open problem. There is a tendency that for a population with a

greater skewness, parameter a will be larger.

3. Calculation of Inclusion Probabilities when the Structure of Sampling Units

is Changed

3.1. Changes of Sampling Units and their Characteristcs

If the economy is rapidly developing, the survey population of enterprises may be subjected

to some specific changes during a short period of time. The statistical register of enterprises

used as a sampling frame is updated with a delay and does not follow the changes in the

structure of enterprises properly. After the survey data of sampled enterprises have been

obtained, it may be detected that at the reference time, some enterprises – sampling units

(SUs) – have changed their characteristics. Among these characteristics there may be:

kind of economic activity, type of ownership or number of employees. The number of

employees may significantly differ from that indicated in the sampling frame at the time of

sample selection. Such changes are often met in the enterprise surveys but, in general they

do not cause estimation problems, if the number of changes is not large. The common

practice in such a case is not to change the old (register based) classification attributes. The

current status of enterprises may be fixed and the domain estimation may be used. As a

consequence the expected precision of the estimates may be lost.

In this section, we will consider the changes in the structure of sampling units that may

be detected when the sample data have been obtained, as well as how the observed changes

could be taken into account at the estimation stage, at least to some extent. Two types of

such changes are:

(a) the SU splits into more new ones;

(b) the SU joins other units, possibly from the different strata.

Case a) means that the selected enterprise – SU – in the period from sample selection until

data collection has split into two or more enterprises and all of them have presented the

cv
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Fig. 1. The dependence of the coefficient of variation on a. Population No 8
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data. These new enterprises may have different kinds of economic activity, type of

ownership and other characteristics. In this case, instead of one selected unit we have, say,

j units in the sample observed and j values of the survey variable instead of the one

expected.

Case b) means that the selected SU or some group of selected sampling units has during

the period from sample selection to data collection joined with other units from the

sampling frame. In this case, we have one unit in the observed sample that has provided

aggregated data on some number of units from the frame the sample has been selected.

This means that the inclusion probability of such a unit is not the same as it was at

the time of sample selection. If the weights of the initial sampling design are used,

a significant bias may occur. The new inclusion probabilities were calculated for the units

subjected to the changes mentioned above.

3.2. Formulation of the Problem

Let us formalize the situation to describe Cases a) and b). The population U ¼

{u1; u2; : : : ; uN} is stratified into H strata: U ¼ U1 < U2 < · · · < UH , Nh is the number

of elements in Stratum h, h ¼ 1; : : : ;H. A simple random sample vh of size nh is

drawn from the Stratum Uh. Denote the whole simple random stratified sample of size

n ¼ n1 þ · · · þ nH by v, v ¼ v1 < · · · < vH ¼ {ui1 ; : : :uin}.

After the survey data have been received, it is detected that, in some cases, the observed

elements are not the same as they have been selected. Denote the observed sample by

v 0 ¼ u
0

i1
; : : : ; un 0

n o
(equality n ¼ n 0 may not hold). Consider two types of changes in

the comparison with the sampling frame. The first type of changes (case a)) occur if the

element uk [ v is a union of j, j . 1 elements from the observed sample v 0:

uk ¼ u
0

k1
< · · · < u

0

kj
. We assume that the element uk is identified, and the data are

presented by the all j elements u
0

k1
; : : : ; u

0

kj
. The second type of changes (Case b)) occur

when element u
0

k [ v 0 from the observed sample is a union of some j, j . 1, units from the

frame u
0

k ¼ uk1
< · · · < ukj and at least one unit belongs to the sample v. In this case, all

the elements uk1
; : : : ; ukj are identified, but the values of the study variable y are not

known for these units. We observe only the value y 0k of the study variable y for the

element u
0

k. Since the values of the study variable are not known for all the elements of

the sample v, we are not able to use, for example, the Horwitz-Thompson estimator

(Särndal et al. 1992) of the total ty ¼
PN

k¼1yk:

t̂y ¼
k:uk[v

X yk

pk

Here pk ¼ Pðv : uk [ vÞ is an inclusion probability of the element uk into the sample v.

In our stratified sample case pk ¼ nh=Nh if unit uk belongs to Stratum Uh. An alternative

may be to use the estimator

t̂
0

y ¼

k:u
0

k
[v 0

X y
0

k

p
0

k
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Thus we need to calculate the inclusion probabilities p
0

k ¼ P v 0 : u
0

k [ v 0
� �

for the

elements of the observed sample v 0.

3.3. Calculation of the Inclusion Probabilities

The case a) of the split unit uk ¼ u
0

k1
< · · · < u

0

kj
is simple. In this case the inclusion

probabilities p
0

ki
¼ pk for all i ¼ 1; : : : ; j.

The case of the composite unit u
0

k ¼ uk1
< : : :< ukj is more complicated. Unit u

0

k is

included into sample v 0 if at least one of its compound parts uk1
; : : : ; ukj is selected into

sample v. Denote by ji, ji $ 1, the number of units from set {uk1
; : : : ; ukj} that belong

to Stratum Uhi , i ¼ 1; : : : ; r. We have j ¼ j1 þ · · · þ jr. The probability for any part of

unit u
0

k in Stratum Uhi not to be selected into sample vhi is

Nhi 2 ji

nhi

 !� Nhi

nhi

 !
¼
Ynhi21

s¼0

1 2
ji

Nhi 2 s

� �

so

p
0

k ¼ 1 2
Yr
i¼1

Ynhi21

s¼0

1 2
ji

Nhi 2 s

� �
ð2Þ

Note, that for j ¼ 1 u
0

k ¼ uk1

� �
, Formula (2) gives p

0

k ¼ nh=Nh ¼ pk1
, if uk1

[ vh.

Now let us calculate the second order inclusion probabilities p
0

kl ¼ P v 0 : u
0

k&u
0

l [ v 0
� �

.

Let the element u
0

k [ v 0, u
0

k ¼ uk1
< · · · < ukj , be as above a composite unit, and the

numbers ji are defined as above. Assume that the second element u
0

l [ v 0,

u
0

l ¼ ul1 < · · · < ulm ; m $ 1, may also be composite. Select the subset Uh1
; : : : ;Uhr

of strata such that each stratum contains at least one element of the set

{uk1
; : : : ; ukj ; ul1 ; : : : ; ulm}. Denote by mi the number of elements from the

set {ul1 ; : : : ; ulm} that belong to Stratum hi. Thus we have m ¼ m1 þ · · · þ mr. For any

two events Ak and Al, we have

PðAk > AlÞ ¼ PðAkÞ þ PðAlÞ2 1 þ P Ac
k > Ac

l

� �
Therefore

p
0

kl ¼ p
0

k þ p
0

l 2 1 þ
Yr
i¼1

Ynhi21

s¼0

1 2
ji þ mi

Nhi 2 s

� �

Now we can use the estimator

V̂ðt̂
0

yÞ ¼
k;l[v 0

X
1 2

p
0

kp
0

l

p
0

kl

� �
y

0

k

p
0

k

y
0

l

p
0

l

to estimate the variance of the estimator t̂
0

y, if needed.
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4. Border Interview Survey

4.1. Tourism Surveys

Tourism surveys belong to a wide range of social surveys of Statistics Lithuania and

official statistics of other countries as well. Lithuanian tourism may be categorized into

three main groups: domestic tourism – when Lithuanian tourists stay in Lithuania,

outbound tourism – when Lithuanian tourists go abroad, and inbound tourism – when

foreign tourists visit Lithuania. Some other countries have specific tourism surveys.

The domestic tourism surveys are usually carried out as part of the household surveys.

The outbound tourism surveys may be carried out as part of the household surveys as well.

A widely-used practice to get data on outbound and inbound tourism is the border

interview survey conducted when people are entering or leaving the country. This kind of

survey has become more problematic for the European countries after they have entered

into the Schengen Pact with a free movement of citizens between the countries.

Deville and Lavallée (2006) introduced indirect sampling as the generalized weight

share method. Deville and Maumi-Bertrand (2006) applied it to the tourism statistics.

According to this method, in order to estimate the parameters of interest with respect to

the tourists, the sample of appropriate services is selected and the weights of the sampled

services are linked to the set of weights of the tourists who have used these services.

The method may be sucessfully used for the inbound and domestic tourism statistics.

Tourism statistics are being collected in various countries by various organizations.

The methods used, achievements and problems of the tourism statistics are discussed at

the biannual international forums on tourism statistics, the latest of which have been held

in Paris (9th International Forum on Tourism Statistics 2008). Information about

collecting tourism statistics in other countries may be gained from its materials.

4.2. Crossing of the Country Border

4.2.1. Sampling Designs of Border Crossings

Our aim is to discuss the sampling design of the outbound tourism travel population in the

border interview survey. The sampling design applied to the inbound and the outbound

tourism travel population in the border interview surveys is usually the same. The features

of the sampling design of such surveys depend on the geographical location of the country:

what kind of borders the country has.

MacFeely and Gilsenan (2008) note that the Country of Residence Survey in Ireland is

conducted at all ports and airports of the country and covers all overseas travel into and out

of Ireland. A two-stage sampling design is used: each month a sample of flights and

sailings is selected at the first stage, and a systematic sample of passengers is selected for

the interview at the second stage. The sample data are grossed up to total passenger

numbers provided by the airport and port authorities.

The main purpose of the Border Interview Survey of Statistics Finland (Statistics

Finland 2008) is to estimate how many passengers, resident in other countries, visit

Finland. The data are collected at all the busiest border crossing points – airports and

ports. The days and times of data collection are selected at random, interviewees are
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chosen from the passenger flows by systematic sampling. The Border Interview Survey

results are not extrapolated to the border crossing points where passengers are not

interviewed. Consequently, the Border Interview Survey does not cover all the inbound

tourism of Finland.

The Czech Republic is inside of the continent, and many inbound and outbound tourists

of the Czech Republic use roads for country border crossing. The Statistical Office of the

Czech Republic (Lesjek 2008) uses a random sample of days and a systematic method of

interviewee selection for the inbound tourism survey with the following requirement

concerning the limited number of interviews (quota) for each type of border crossing: road

crossing 75%, railway crossing 5%, airports 20%. The Czech Republic joined the

Schengen Pact on 21 December, 2007. The impact of this on the survey is indicated in the

paper by Lesjek 2008: the interviewers moved from the border control points on the roads

to the nearest service stations, parking areas, tax-free shops and supermarkets. It became

more complicated to accomplish the prescribed number of interviews.

Lithuania is on the shore of a sea in the middle of the continent, and the tourists can

cross the border of Lithuania by air, sea, rail, and road. The results of the 2008 survey

(Statistics Lithuania 2008) show that 35% of the outbound journeys were made by air,

3% by sea, 4% by rail, and 58% by road. Lithuania joined the Schengen Pact together

with the Czech Republic on 21 December, 2007. Some road borders of Lithuania with

neighbouring countries have checkpoints, like the Lithuanian-Belarusian and the

Lithuanian-Russian border, and some road borders are free, like the Lithuanian-Latvian

and the Lithuanian-Polish border. The population of the outbound tourist travel may be

stratified according to the way and place of crossing the Lithuanian border into the

following seven strata: air, sea, and rail, and road borders with the neighbouring countries:

Belarus, Russia, Latvia, and Poland. The survey design for the first five strata is similar to

that described above: random selection of days and a systematic sample of passengers.

Instead of the systematic selection of passengers on the road border between Lithuania-

Latvia and Lithuania-Poland, interviewers reach passengers in regular buses at the bus

stations, in the tourist buses through travel agencies that organize tours by roads, in cafes,

petrol stations, parking places near the border, and in the households sampled for the

domestic tourism.

All these sampling designs describe the sampling of journeys or country border

crossings. What can be said about the size of this population?

4.2.2. Border Crossings Population Size

The main feature of the travel population is that there is no list of its elements. The total

number of border crossings by citizens of the country of residence may be known for the

strata defined by air, sea and the controlled parts of the country road border from

the airport, port and the border control post authorities. But even in this case, these border

crossings include not only the outbound tourism journeys, but also journeys of the

residents of the survey country who have been working abroad for a long time or been

abroad for other nontourism reasons. The number of the total Lithuanian border crossings

by air, sea, rail, and road borders with Belarus and Russia is known. The outbound tourist

travel share at these crossings has to be estimated using the statistical methods of the

survey data. The population size of the corresponding strata is estimated and is random.
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The most problematic borders in terms of the statistical survey are the open road

borders. Lithuania’s borders with Latvia and Poland have been open since 21 December,

2007. People crossing these borders do not have to stop, and so the number of border

crossings is not known any more. Some special statistical methods may be used to estimate

this number. One of them is modelling based on the known or estimated number of border

crossings in the previous quarters and the known number of crossings in the same quarter

of other controlled parts of the border. Another method, used in Lithuania in 2008, is

observation of the cars crossing the border, fixing the country they belong to and

calculating the approximate number of passengers in these cars on some randomly

selected days. The total of the border crossings by the residents of Lithuania in a quarter of

the year has been estimated using the observed data. The outbound tourism travel share in

the journey population of the open road borders is estimated just like in the case of the

controlled border strata.

4.2.3. Two Survey Populations

The aim of the outbound tourism survey is to estimate the number of journeys, nights spent

abroad, expenditure by aim of travel, accommodation, transportation, visited countries,

and the number of tourists by sex, age, and so on. As we see, the surveyors of the outbound

tourism are interested not only in the properties of journeys, but also in the number of

tourists performing these journeys. The tourism survey usually covers a quarter of a year,

and some of the tourists may cross the country border once on their way home during the

quarter, but some of them may do it more times. The sampling designs described

previously are aimed at the population of journeys. For any of these designs the problem

of estimating the number of tourists has to be also solved, assuming that the number of

border crossings during the quarter is indicated by the traveller en route during the survey

interview.

4.3. Sampling Design Proposed for the Tourist Population in the Outbound Tourism

Border Interview Survey

Let us study the outbound tourist population of Lithuania who entered the country

during the specific quarter of the year. Some of them travelled once, but some of them

travelled several times per quarter. Our aim is to estimate the total of values of the study

variable defined for the tourist population in general, and the tourist population size as

a separate case.

Assumptions

1. Each tourist has completed all the outbound journeys in a quarter crossing the border

by air, sea, rail or road with Belarus, Russia, Latvia, and Poland in the same way.

2. The population of tourists is stratified by the way and country border they have used

for crossing into the seven strata mentioned before, and the total number of border

crossings by outbound tourists is known in the quarter for each stratum. The number

of border crossings during a quarter of a year is given by each sampled tourist.
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3. The survey observation period used (for example, a day or a week) is called further

by a day. The quarter of the year consists of T days, and we suppose, without loss of

generality, that one day is selected randomly for the survey.

4. The individual comes back from the outbound tourism travel no more than once

per day.

For simplicity, we consider the estimation of the number of travellers in one stratum.

The usual properties of estimators in the case of the stratified sampling design may be used

to derive estimators for the sample consisting of any number of strata.

Suppose that there are M travellers who crossed the border of the country during

the quarter of the year containing T days, and denote the population of travellers

by U ¼ {1; 2; : : : ;M}. Some of the travellers crossed the border once, some of them

crossed the border several times. Denote by It ¼ ðI1t; I2t; : : : ; IMtÞ the vector of the border

crossing indicators:

Ikt ¼

(
1; if the k2 th individual crossed the border during the day t;

0; otherwise;

k ¼ 1; : : : ;M; t ¼ 1; : : : ; T

The number of the journeys N during T days made by M travellers is known. We have

XT
t¼1

XM
k¼1

Ikt ¼ N

Let mk be the number of times the kth traveller has crossed a border of the country during

the quarter. Then the number of travellers M may be expressed as

XT
t¼1

XM
k¼1

1

mk

Ikt ¼ M

We consider a study variable y defined in the population U of travellers and introduce

an estimator of the parameter ty ¼
PM

k¼1 yk, the population total of this variable. In the

case yk ¼ 1; k ¼ 1; 2; : : : ;M, the total ty gives us the number of travellers in a quarter.

We estimate this number M under the condition that the number of journeys in the quarter

is known.

Assume that Nt, Nt ¼
PM

k¼1 Ikt crossings of the border have been performed during

the day t, t ¼ 1; 2; : : : ; T . We have: N1 þ N2 þ · · · þ NT ¼ N.

Assumption. Let N/T be an integer, the numbers N1;N2; : : : ;NT be fixed and equal:

Nt ¼ N=T , t ¼ 1; : : : ;T .

We may consider that the travellers who have travelled on the day t constitute the fixed

size subset Ut ¼ ðk [ U : Ikt ¼ 1Þ , U from the population U. Suppose a day of the

quarter to be selected randomly with equal selection probabilities: PðUtÞ ¼ 1=T ,

t ¼ 1; 2; : : : ; T . Each traveller k belongs exactly to the mk different subsets Ut, – to

as many subsets, as many times the traveller crossed the border during the quarter

(see Table 2).
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Ut cannot be considered as the realization of a simple random sample from the

population U because the probabilities of the k-th traveller to belong to any subset Ut

are unequal as k ¼ 1; 2; : : : ;M, they are proportional to mk:

pk ¼ Pðt : k [ UtÞ ¼ mk=T

Voas et al. (2002) considered journeys performed in randomly selected equal observation

periods as the clusters of journeys, selected according to some sampling design from the

total set of nonintersecting clusters, and used a complex sampling design for estimation.

In a similar way, we may look at Ut as to a sample of one subset drawn from

T intersecting subsets population U1;U2; : : : ;UT . We may consider Ut as a systematic

sample of travellers drawn with probabilities proportional to the number of their border

crossings mk.

The systematic sample drawn with probabilities proportional to size measure

(systematic pps) has been studied by Bengt Rosén (Rosén 1991). Formally the systematic

pps sample selection scheme for our case may be expressed by the following steps:

1. A list of the population elements U ¼ {1; 2; : : : ;M} of fixed order with the size

measure mk; k ¼ 1; 2; : : : ;M, is available.

2. Cumulative sums of the size measure are calculated:

c0 ¼ 0

c1 ¼ m1

c2 ¼ m1 þ m2

: : :

ck ¼ m1 þ m2 þ · · · þ mk

: : :

cM ¼ m1 þ m2 þ · · · þ mM ¼ N

The interval (ci21,ci], i ¼ 1; 2; : : : ;M, is associated with a particular population

element.

3. A stride of size q ¼ cM=N1 ¼ N=N1 ¼ T is chosen.

Table 2. Distribution of the Tourists by Days of the Quarter

Tourist Day Number of journeys
in a quarter

1 1 2 : : :. t : : :. T

1 I11 I12 : : : I1t : : : I1T m1

2 I21 I22 : : : I2t : : : I2T m2

: : : : : : : : : : : : : : : : : : : : : : : :
k Ik1 Ik2 : : : Ikt : : : IkT mk

: : : : : : : : : : : : : : : : : : : : : : : :
M IM1 IM2 : : : IMt : : : IMT mM

All tourists N1 N2 : : : Nt : : : NT N
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4. An integer q1 is selected from the set {1; 2; 3 : : : ; T} with selection probabilities,

equal to 1/T, and the following N1 points are indicated:

q1; q1 þ q; q1 þ 2q; : : : ; q1 þ ðN1 2 1Þq

5. These points fall into the particular intervals (ci21,ci], and the elements of population

U, associated with these intervals, are selected to the sample.

The sample obtained is called an N1 size systematic sample selected from the ordered

population with the probabilities proportional to the size measure mk, k ¼ 1; 2; : : : ;M.

The additional assumption mk # q is needed in general case, but it is satisfied in the case of

our study.

For q1 ¼ t, this sample is coincident with the sample Ut under the suitably chosen

population list order, t ¼ 1; 2; : : : ; T . For mk ¼ 1; k ¼ 1; 2; : : : ;M, a systematic pps

sample coincides with the systematic sample, which may be treated as the simple random

sample under random order of the population U frame.

Unfortunately, the data are not obtained from all the elements of the sample Ut, but only

from the elements of its pseudo-systematic subsample that are successfully reached by

the interviewers.

Assumption 5. We assume that the order in the list of the traveller population U is

random.

We may apply the two-phase sampling design to the sample of the travellers: 1st phase

– systematic pps-sample selection of the subset of the travellers Ut, drawn with the size

measure mk; 2nd phase – systematic n size sample vt of the travellers drawn from the set

of travellers Ut, who have crossed the border on day t, which is equivalent to the simple

random sample under the condition of random order of the elements in the list of Ut.

In the case of the whole sampled subset Ut from the randomly ordered population,

kth element inclusion into the sample Ut probability is equal to mk/T, and the Horvitz-

Thompson estimator of total may be used for estimating of the tourist population total ty:

t̂y ¼
N

Ntk[Ut

X yk

mk

¼ T
k[Ut

X yk

mk

ð3Þ

With the aid of two-phase sampling design we estimate the population total ty by the p*

estimator, presented in Särndal et al. 1992, p. 347:

t̂̂y ¼ T
Nt

n k[vt

X yk

mk

¼
N

n k[vt

X yk

mk

ð4Þ

Rosén (1991) investigated the properties of the estimator of total t̂y, given by (3), its

approximate variance AVarðt̂yÞ and proposed the estimator of variance Varðt̂yÞ under

the assumption of random order of the elements in the population frame. Applying

his Lemma 4.2, Theorem 4.1, and Proposition (5.2) to the estimator t̂y in the case of the

two-phase sampling design of tourists we obtain the following result.

Proposition. Under the condition that the tourist population list order is random and

the number of journeys N completed by the tourists is known
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(a) the approximate variance AVarðt̂̂yÞ of t̂̂y in (4) may be expressed as follows:

AVar t̂̂y

� �
¼ AVar t̂y

� �
þ

N

T

� �2

1 2
nT

N

� �
1

nT

XT
t¼1

s2
t ð5Þ

s2
t ¼

1

Nt 2 1k[Ut

X
ð yk 2 mtÞ

2; mt ¼
1

Ntk[Ut

X
yk

(b) we propose an estimator for the variance Var t̂̂y

� �
:

Vâr t̂̂y

� �
¼

N 2

nðn2 1Þk[vt

X yk

mk

2
Ât1

Ât2

� �2

1 2
nmk

N

� �
þ

N

T

� �2

1 2
nT

N

� �
ŝ2
t

n
ð6Þ

Ât1 ¼
j[vt

X yj

m2
j

1 2
nmj

N

� �
ln 1 2

nmj

N

� �
; Ât2 ¼

j[vt

X 1

mj

1 2
nmj

N

� �
ln 1 2

nmj

N

� �

ŝ2
t ¼

1

n2 1k[vt

X
ð yk 2 �ytÞ

2; �yt ¼
1

nk[vt

X
yk

Rosén (Rosén 1991) has presented the expression of approximate variance AVar t̂y
� �

of the

estimator of total t̂y included into (5) for the systematic pps-sampling design under

the assumption of random order of the elements in the population list. He did it in the

following way: first, he obtained an approximation to the variance of a sample sum of

the study variable
P

k[Ut
yk in the case of successive pps-sampling – sampling with

replacement with selection probabilities pk ¼ mk=N; k ¼ 1; 2; : : : ;M, proportional to

the size measure mk, repeated until Nt different elements are obtained; second, he

approximated the systematic pps-sampling drawn with the size measure mk under the

condition of the random frame order by a successive pps-sampling, which has draw

probabilities pk equal to the standardized size measure mk and element inclusion

probabilities approximately equal to the inclusion probabilities for systematic

pps-sampling design; third, he suggested using the estimator of variance of the sample

sum
P

k[Ut
yk, derived by him for the successive pps-sampling, to estimate it in the case of

the systematic pps-sampling with the same size measure.

Rosén has proposed the estimator of the variance Var t̂y
� �

given in the first term of (6).

Remarks

1. The number of journeys N, used as fixed in Proposition, is random in reality.

Subsequently, taking this randomness into account, approximate variance (5) has to

be supplemented with one more term because of variation of N.

2. The case where N1;N2; : : : ;NT are random and unequal, is more realistic. It may be

investigated assuming some distribution of these random variables.

5. Conclusions

Three solutions of problems arising in practical sample surveys of Statistics Lithuania are

presented here. Each survey meets a problem somewhere with a nonstandard situation

which has to be solved, and sometimes not in a theoretically well-based way. Sometimes
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these solutions are developed in line with the well-based decisions, but sometimes their

application is based on the experience and simulations only.

The proposed alfa stratification method can be used for different distributions of

stratification variable. It takes into account the nonuniformity of the distribution inside

the stratum, while some other methods require this assumption. This stratification method

has been used in Lithuanian surveys on wages and salaries.

The calculation of the inclusion probabilities has been also used for the surveys

mentioned above during the period of rapid changes of the structure of Lithuanian

enterprises.

It is suggested that the two-phase sampling design be applied to the population of

tourists in the outbound tourism border interview survey. The 1st phase sampling design

is a systematic sample of tourists selected with probabilities proportional to their number

of border crossings during the quarter, the 2nd phase sampling design is the systematic

sampling of these tourists who have crossed the border on the survey day. The random

order of the tourist population list is assumed.
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